We investigate (twisted) rings of differential operators on the resolution of singularities of the minimal nilpotent orbit of sp 2n using toric geometry and show that they are homomorphic images of a subalgebra of the Universal Enveloping Algebra (UEA) of sp 2n , which contains the maximal parabolic subalgebra p determining the minimal nilpotent orbit. Further, using Fourier transforms on Weyl algebras, we show that (twisted) rings of wellsuited weighted projective spaces are obtained from the same subalgebra. Finally, investigating this subalgebra from the representation-theoretical point of view, we find new primitive ideals and rediscover old ones for the UEA of sp 2n coming from the aforementioned resolution of singularities.
Introduction
Let us consider the Lie algebra g = sp 2n : the ring D(X) of differential operators on the closureX of the minimal nilpotent orbit of g has been discussed in details in [5] and independently in [7] . The main result of both papers is the existence of a surjective morphism (1) U (g) → D(X);
while Levasseur et al. [5] have obtained (1) as a special case in a more general framework, invoking Fourier transform, Musson [7] highlighted the fact thatX is a toric variety (affine and singular). In particular, the toric structure permits [6] to find an explicit realization of the epimorphism (1) by constructing generators and relations of D(X) using homogeneous coordinates onX. The construction of such coordinates forX has the advantage of producing almost without effort an explicit resolution of singularities ofX, which we denote byX: explicitly,X can be identified with the Serre bundle O(−2) over P n−1 . The toric structure ofX allows [6] to compute generators and relations for any twisted ring D O(ℓD1) (X), D 1 being a generator of the Picard group ofX and ℓ an integer. Furthermore, we find a version of (1) forX, for which we need some preparations. Observe that the construction ofX requires the choice of a maximal parabolic subalgebra p of g. In the case at hand, p splits as m⊕r + , where m is a reductive algebra, with one-dimensional center z and semisimple part sl n , while r + is the nilradical, which, as an m-module, is isomorphic to the finite-dimensional, irreducible module L(2̟ 1 ), ̟ i , i = 1, . . . , n − 1 being the i-th fundamental weight of sl n . We have the triangular decomposition g = r − ⊕ m ⊕ r + , where r − is, as an m-module, isomorphic to L(2̟ n−1 ), ̟ i being the fundamental weights of sl n . Theorem 1.1. Consider the subalgebra A of U (g), generated by r − , m and r + z; then, for any integer number ℓ, there is a surjective morphism
In particular, there is a surjective morphism from U (p) to the subalgebra of D O(ℓD1) (X) of differential operators of non-positive degree, for any integer ℓ, and a surjective morphism from U (sl n ) to the subalgebra of differential operators of degree 0: observe that there is a natural right SL n -action onX, through which one obtains the vector fields inducing the differential operators in U (sl n ). The notion of degree needs a brief explanation: all rings of differential operators considered here are subrings of the Weyl algebra D(A n+1 ), hence all elements are linear combinations of differential monomials Q µ P ν , Q i , resp. P i , i = 1, . . . , n + 1, being multiplication operators by the variables Q i , resp. differential operators w.r.t. Q i , and µ, ν are multiindices with n + 1 components. The degree of such a monomial is simply n+1 i=1 τ i , where τ = µ − ν. As shown in [2] , there exists an explicit isomorphism between (twisted) rings of differential operators on projective n-space P n and on the blow-up A n of affine n-space A n : analogously, there is an isomorphism between (twisted) rings of differential operators on the weighted projective n-space Y = P n (1, . . . , 1, 2) and on the resolutionX. Theorem 1.2. For any even integer ℓ, there is a ring isomorphism
The isomorphism in the previous Theorem needs some explanations. It is realized concretely by means of Fourier transform [8] , using the main result of [2] : we simply observe that the weighted projective space Y andX are related to each other by means of I-reflections. We notice that this phenomenon cannot be observed on X. Differently from usual projective space, the weighted projective space Y is a singular toric variety: hence, the main Theorem of [2] cannot be readily applied. Weighted projective spaces share, on the other hand, many of the properties of usual projective spaces: in particular, they possess sheaves O(m), m being an integer, which are invertible if and only if m is even. Recalling the ingredients of the main Theorem of [2] , we have to determine for which choices of an integer ℓ the image of the invertible sheaf O(ℓD 1 ) onX in A n−1 (Y ) corresponds to an invertible sheaf on Y : by the above reasonings, only even integers ℓ will do the job.
We may further combine both Theorems to get a useful corollary. Corollary 1.3. For any even integer ℓ, there is a surjective morphism
As a consequence, there is a surjective morphism from U (p) to the subalgebra D O(ℓ) (Y ) of differential operators of non-positive degree; observe also that there is an M -action on Y , with M as above. We notice that, unlike in the case of usual projective spaces, one cannot realize weighted projective spaces as Sp 2nhomogeneous spaces.
Finally, the twisted ring D O(ℓD1) (X), resp. D O(ℓ) (Y ), where ℓ is an integer, resp. an even integer, acts on the cohomology groups ofX, resp. Y , with values in the invertible sheaf O(ℓD 1 ), resp. O(ℓ). The cohomology groups can be explicitly computed in both cases, see Subsections 2.2 and 4.2, and via the previous Theorems, are endowed with the structure of A-modules. The representation theory of the algebra A presents similar features to the representation theory of g: in particular, we may introduce a category of A-modules, which plays the rôle of the Bernstein-Gel'fand-Gel'fand (BGG) category O of g. We examine this category and find a criterion expressing the possibility of such an A-module to lift to a g-module. Of particular importance is the following result, which generalizes results of Levasseur et al [5] regarding the g-module of regular functions onX. 
Here, L(µ), for some weight µ of h, the Cartan subalgebra of g, denotes the unique irreducible quotient of the Verma module of highest weight µ; ̟ i , i = 1, . . . , n, denotes the i-th fundamental weight of g. Observe that in both cases, the highest weights belong to the same Weyl orbit of weights of h.
In all other cases, we are able to characterize explicitly the cohomology groups as irreducible highest weight A-modules in the aforementioned category: in particular, we are able to decompose them into irreducible, finite-dimensional sl n -modules (recall the observations about the M -action on both varietiesX and Y ), with a grading induced by the center z and by the modules r + and r − ; see Subsubsections 5.2.1 and 5.2.2 for more details on cohomology groups as A-modules.
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The minimal nilpotent orbit for sp 2n
We consider the root system of g = sp 2n following the notations of Bourbaki [1] : the only simple root of g whose coefficient in any root decomposition is at most 1 is α n , hence α n specifies its unique maximal parabolic subalgebra p with decomposition into reductive part m and nilradical r + containing the highest root e β . The (Zarisky) closureX of the (adjoint) cone of highest weight X = M e β , M a connected, simply connected algebraic group with Lie algebra m, corresponds to the variety of quadratic forms on C n of rank less or equal than 1. This characterization ofX makes evident its toric structure, the corresponding fan ∆ consists of a single cone in N ∼ = Z n spanned by n vectors k i , i = 1, . . . , n, such that i) they can be completed to n + 1 vectors generating N , and ii) they satisfy n i=1 k i = 2k n+1 . Observe that ∆ is not regular in the sense of [2] , and thatX is singular.
2.1. Resolution of singularities. We consider the fan∆ obtained from ∆, whose one-dimensional rays are spanned by the vectors k i , i = 1, . . . , n + 1, and whose cones of maximal dimension are spanned by exactly n generating vectors out of the k i , except the cone spanned by k 1 , . . . , k n :∆ is now regular in the sense of [2] and determines a toric varietyX, which is a resolution of singularities ofX. Concretely, using homogeneous coordinates,X is the quotient (A n {0} × A 1 )//C × with torus action
The varietyX is covered by n open affine subsets, each isomorphic to the affine space A n ; observe thatX is identified with the line bundle O(−2) over P n−1 . We notice that the algebraic group GL n acts from the right onX by inverting the natural GL n -action in the first n homogeneous coordinates ofX.
2.2. The cohomology ofX. Since∆ is regular, the Picard group ofX is isomorphic to the group A n−1 (X) of Weil divisors modulo linear equivalence. More explicitly, the Picard group is spanned by the T -divisors D i (see Fulton [3] ) associated to the 1-dimensional cones of∆, with the additional relations D i ∼ D j , i, j ∈ {1, . . . , n}, and 2D i ∼ −D n+1 , i ∈ {1, . . . , n}: thus A n−1 (X) is spanned by, say, D 0 := D 1 over Z. For any Cartier divisor ℓD 0 , where ℓ is an integer, the corresponding invertible sheaf O(ℓD 0 ) is a sheaf of covariants (see [6] ) associated to the character u → u ℓ of C × . Further, the identification O(ℓD 0 ) ∼ = O(ℓ) on the divisor D n+1 ∼ = P n−1 holds true (one may thus viewX as a "weighted" version of the blow-up A n ).
Theorem 2.1. For any integer ℓ, there is an isomorphism
Proof. The proof follows along the same lines of the proof of Theorem 4.7. in [2] , the only difference being that the fiber coordinate onX, viewed as a bundle over P n−1 , has weight −2, which produces the factor 2 in the shift on the right hand-side of the isomorphism As a consequence, the cohomology ofX with values in the invertible sheaf O(ℓD 0 ) is non-trivial exactly in degree 0 and n − 1; furthermore, the 0-th cohomology is always non-trivial and infinite-dimensional, while the n − 1-th cohomology is finitedimensional and non-trivial exactly when ℓ ≤ −n.
Recalling the cohomology of projective space P n−1 , we know that the 0-th cohomology of P n−1 with values in O(m) is spanned by monomials Q µ1 1 · · · Q µn n with µ i ≥ 0 and n i=1 µ i = m, m ≥ 0, and that the n − 1-th cohomology is spanned (modulo coboundaries) by monomials Q µ1 1 · · · Q µn n with µ i < 0 and n i=1 µ i = m, m ≤ −n. Thus, concretely, in the non-trivial cases, the previous isomorphism can be written in the form
2.3. Twisted rings of differential operators onX. Following [6] , for any integer ℓ, the twisted ring of differential operators D O(ℓD0) (Õ) is spanned by differential monomials Q µ P ν , where µ, ν are multiindices such that τ = µ − ν satisfies n i=1 τ i − 2τ n+1 = 0 (we use the same notations for the Weyl algebra as in [2] ). The degree of a differential monomial Q µ P ν is simply |τ |, τ as above.
Lemma 2.2. For any integer ℓ, the ring D O(ℓD0) (X) is spanned by 1 and by the differential monomials
of degree 0, 3 and −3 respectively, subject to the relation
Proof. We show that any differential monomial Q µ P ν spanning D O(ℓD0) (Õ) can be written as a linear combination of products of the above generators; we adopt the notation Q ′ := (Q 1 , . . . , Q n ), and similarly for P ′ and for multiindices µ ′ , ν ′ etc. We consider a differential monomial Q µ P ν of degree 0: then τ n+1 = 0 and |τ ′ | = 0. Hence, we can rewrite
If the degree of Q µ P ν is strictly positive, then τ n+1 > 0 and |τ ′ | > 0, thus
where |λ ′ | = |τ ′ | = 2τ n+1 and |τ ′′ | = 0. Finally, if Q µ P ν has strictly negative degree, then τ n+1 < 0 and |τ ′ | < 0, and Q µ P ν can be rewritten as
Using the commutation relations of the Weyl algebra, Q µ P ν can be further rewritten in all three cases as a linear combination of products of the given generators.. Remark 2.3. We notice that the differential operators of degree 0 correspond in an obvious way to vector fields coming from the aforementioned right GL n -action oñ X.
We now come back toX. Results of Levasseur et al. [5] and independently of Musson [7] yield a surjective homomorphism from U (g) to D(X). Concretely, the epimorphism is given in terms of Chevalley-Cartan generators by the formulae
We recall the parabolic triangular decomposition of g,
where m ∼ = gl n is the reductive part of p, with semisimple part sl n and 1-dimensional center z; r + is the abelian nilradical, and r − is also abelian and an m-module. In terms of differential operators, the differential monomials Q i P j , i, j = 1, . . . , n, and Q n+1 P n+1 on D(X) obviously lift to elements of D O(ℓD0) (X), as well the relations between them: they span the image of m. The generator z of z is chosen, so that the commutation relations
hold true: therefore, by inspecting (2) and recalling the relation
. . , n lift also to D O(ℓD0) (X) and lie in the image of r − . On the other hand, the differential monomials P i P j Q −1 n+1 lift to differential operators with rational coefficients onX (twisted by O(ℓD 0 )), whose only singularity is along the divisor D n+1 ∼ D 1 . For any integer ℓ, we consider the homomorphic image of U (g) as described before into differential operators with rational coefficients onX twisted by O(ℓD 0 ). We observe by Lemma 2.2 and by previous considerations that right multiplication by the differential operator corresponding to z + ℓ 2 + n 4 of the differential operators which span r + (the only singular generators of the image of U (g)) yields elements of D O(ℓD1) (X). Thus, we consider the subalgebra A of U (g) generated by 1, m, r − and r + z, where the last object denotes the vector space spanned by elements of the form xz, for x ∈ z: its image w.r.t. the homomorphism above, by Lemma 2.2 is exactly D O(ℓD0) (X).
Theorem 2.4. For any integer ℓ, there is a surjective homomorphism from the algebra A to the twisted algebra D O(ℓD0) (X).
Representation theory of the algebra A

3.1.
A family of parabolic subalgebras of A. Remark (vii) in 3.2 of [5] , see also Subsection 2.3, permits to choose a generator z in z, such that the following commutation relations hold true: Proof. The Lie bracket in p λ is inherited from U (g): thus, since r + is an m-module and z spans z, and since scalars belong to the center of U (g), it remains to show that r + (z + λ) is abelian. Consider thus x, x ′ in r + : then
where we used that r + is abelian. The isomorphism p ∼ = p λ is given by
That it is a Lie algebra morphism follows from the previous arguments.
Hence, there is a family of Lie algebras λ → p λ , each member of which is isomorphic to the maximal parabolic subalgebra p: it is easy to check that there is a family of subalgebras λ → A λ , each isomorphic to A. Theorem 2.4 can be reformulated as follows:
Theorem 3.2. For any integer ℓ, there is a unique complex number λ, such that there exists a surjective algebra homomorphism
the parameter λ is chosen in such a way that the the elements of r + z correspond, in fact, to elements of r + (z + λ).
The algebra A contains a copy of the parabolic subalgebra p of g, in particular, a copy of the semisimple part of m, which is sl n . We have additionally [z, xz] = xz, for any x ∈ r + . We observe that the nilradical r + is isomorphic to the finitedimensional, irreducible highest weight sl n -module L(2̟ 1 ), with highest weight vector e β and highest weight β, β being the highest root of g; moreover, r + ∼ = r − as sl n -modules, the isomorphism being given by e β → e −β , and using the Chevalley involution on sl n . On the other, using again the Cartan involution on sl n , r + can be viewed as the finite-dimensional, irreducible lowest weight module L(−2̟ n−1 ), with lowest weight vector e αn and lowest weight α n ; similar results hold true for r − . A weight of M is a weight λ with non-trivial weight subspace M λ . We introduce a partial order on z * via
Previous computations yield
for x ∈ r + , y ∈ r − and m ∈ m. We define the category O A by the following requirements:
iii) there exists a weight µ, such that all weights λ of M satisfy λ ≤ µ; hence, µ is called a highest weight. By standard arguments about gradations, the category O A is closed w.r.t. taking submodules and quotient modules.
Observe that for the weight subspace to the highest weight µ of an object M of O A , we have (r + z)M µ = 0. Furthermore, every weight subspace M λ of M in O A has the structure of an sl n -module.
Since every weight subspace M λ of M is finite-dimensional, it splits into a finite direct sum of irreducible, finite-dimensional sl n -modules L(ν), for ν a dominant weight, possibly depending on the z-weight λ. In particular, every weight subspace M λ of an object M of O A contains finitely many highest weight vectors w.r.t. the sl n -action; if µ is a highest weight w.r.t. z, such vectors are also annihilated by r + z. As a consequence, an object M of O A possesses finitely many highest weight vectors v for A, i.e. vectors v in M satisfying e αi v = 0, i = 1, . . . , n − 1, (e αn z)v = 0, zv = µz, hv = ν(h)v, where h belongs to the Cartan subalgebra h of sl n , and ν is a weight vector for h. Proof. The proof follows by a standard induction argument; the main point is that any bracket [e αi , e −αn ], i = 1, . . . , n − 1, vanishes, since −α n + α i does not belong to the root system of g. Notice that α n | h = −2̟ n−1 , hence, if ν is a dominant weight for sl n , so is also ν − mα n | h , for any positive integer m.
(Observe that the vectors e m −αn v can also be trivial, in which case one cannot consider them as highest weight vectors.)
Special objects of the category O A are modules, for which every weight subspace M λ is irreducible as an sl n -module: as a consequence, to every weight subspace M λ belongs a unique dominant weight ν (which possibly depends on λ), such that M λ = L(ν). If e.g. v is a highest weight vector of such an object M of O A , and if e m −αn v = 0, for any positive integer m, then we have
Since the category O A is closed w.r.t. taking submodules, a non-trivial submodule N of M in O A possesses a primitive subspace, i.e. there is a weight λ of M , such that N λ = N ∩ M λ is annihilated by r + z; obviously, N λ is an sl n -submodule of M λ . On the other hand, if for an object M of O A , there exists a weight λ and an sl n -submodule N λ ⊆ M λ , which is annihilated by r + z, then M is reducible: we consider the A-module N generated by N λ , which is obviously a submodule of M and belongs to the category O A . Therefore, the irreducibility of objects of O A is in one-to-one correspondence with the existence of primitive weight subspaces, i.e. sl n -submodules of some weight subspaces, which are annihilated by the action of r + z.
Next, the category O A is "too big": in fact, as the next Theorem shows, many objects of O A can be regarded as g-modules. Proof. Every weight λ in the weight decomposition of M is non-zero, if µ does not belong to N, since the weights of M are all less or equal than µ w.r.t. the above partial order. We define a g-action on M by defining it on any weight subspace M λ of M :
We have to show that the previous formulae define a true action: the only non-trivial relations to prove are
for any x ∈ r + , m ∈ m, y ∈ r − and v ∈ M λ , and any weight λ in the weight decomposition. Since r + z is an m-module by Lemma 3.1, then
since the action of m preserves the weight λ, and by the obvious relation [m, xz] = [m, x]z in A. As for the second relation, we have
Since A is a subalgebra of U (g), we have the relations in A:
the latter can be also rewritten the form
Finally, using these relations, we have 1
Thus, A-modules, which truly belong to O A , are modules, whose highest weight µ w.r.t. z is a positive integer. If M is such a module, the sequence of weights of M is contained in an arithmetic sequence of the form µ − n, n ∈ N, with µ a positive integer; as we will see, the sequence of weights can be infinite or can contain only finitely many terms.
Assume finally that every weight subspace M λ of such a module M is an irreducible sl n -module and that the highest weight µ of M is non-negative: then the maximal non-trivial submodule of M is associated to the maximal weight λ of M , such that M λ is annihilated by r + z. Namely, any submodule N of M is associated to a non-trivial sl n -submodule of M λ , for some weight λ of M , which coincides with M λ , since M λ is irreducible: thus, the corresponding submodule N is λ ′ ≤λ M λ ′ . This fact implies that, choosing λ to be maximal among all weights of M such that M λ is annihilated by r + z, the submodule N := λ ′ ≤λ M λ ′ is the maximal non-trivial submodule of M . Therefore, the quotient module M/N is the unique irreducible finite-dimensional quotient module of M of highest weight µ ∈ N w.r.t. z: to the highest weight µ corresponds a unique dominant highest weight ν for M µ as a sl n -module, such that M µ = L(ν).
Weighted projective spaces
4.1. Weighted projective spaces via I-reflections. We consider the regular fan∆ of the resolution of singularitiesX and the I-reflection (see [2] and [8] )
This I-reflection determines generating vectors k ′ i and a corresponding fan ∆ ′ , whose cones of maximal dimension are spanned by exactly n out of the k ′ i . Observe that it is not anymore a regular fan, since the cone associated to k ′ 1 , . . . , k ′ n is not spanned by (a part of) a basis of N ; the generating vectors k ′ i satisfy the relation n i=1 k ′ i + 2k ′ n+1 = 0. Following [6] , the toric variety Y associated to ∆ ′ is the algebro-geometric quotient A n+1 {0}/C × , with torus action
Therefore, the n-dimensional weighted projective space Y = P n (1, . . . , 1, 2) is related to the resolution of singularitiesX of the minimal nilpotent orbit of g by an I-reflection.
4.2.
Cohomology of weighted projective spaces. The weighted projective space Y can be viewed as the projective spectrum of the weighted polynomial ring S = C[Q 1 , . . . , Q n+1 ], with degrees deg Q i = 1, if i = 1, . . . , n, and deg Q n+1 = 2; thus, the component S d of degree d is spanned by monomials Q µ , with the multiindex µ satisfying n i=1 µ i + 2µ n+1 = d. By construction, Y is covered by n + 1 open affine subsets, corresponding to {Q i = 0}: the affine subsets corresponding to {Q i = 0}, i = 1, . . . , n, are isomorphic to affine space A n , and the subset {Q n+1 = 0} is isomorphic toX as in Subsection 2.1.
In complete analogy with the theory of usual projective spaces, the Serre sheaf O(ℓ) on Y , for any integer ℓ, is the sheaf associated to the shifted graded ring S[ℓ] ([4], Proposition 5.11 and Definition right before). The main difference with the usual projective space is that O(ℓ) is invertible exactly when ℓ is even, since S is generated over S 0 = C by S 1 and S 2 . Using the toric structure of Y , we can compute the Picard group and A n−1 (Y ): the group A n−1 (Y ) of Weil divisors on X modulo linear equivalence is isomorphic to Z and is generated, say, by the divisor D 1 . More precisely, A n−1 (Y ) is spanned over Z by the Weil divisors D i , subject to the relations D i ∼ D j , i, j = 1, . . . , n, and 2D i ∼ D n+1 , i = 1, . . . , n. On the other hand, by direct computations involving Cartier divisors, the Picard group of Y is generated over Z by the Weil divisor 2D 1 . Observe the obvious identification O(ℓD 0 ) = O(ℓ), for any even integer ℓ: hence, the Serre bundle O(2), for ℓ even, is the generator of the Picard group of Y .
Theorem 4.1. The cohomology of Y with values in any sheaf O(ℓ), for any integer ℓ, is concentrated in degree 0 and n; more explicitly, we have
and there is a perfect pairing
Proof. The proof goes along the same lines as the proof of Theorem 5.1, pages 225-228, of [4] : the only difference is that we have to keep track of different degrees in the polynomial ring defining Y , which produces different shifts for ℓ in the above pairing.
As a consequence, H 0 (X, O(ℓ)) is non-trivial exactly for ℓ ≥ 0; on the other hand, H n (X, O(ℓ)) is spanned by negative monomials Q µ1 1 · · · Q µn+1 n+1 , where µ i < 0 and n+1 i=1 µ i = ℓ (modulo coboundaries), for ℓ ≤ −n − 2. The generator of H n (X, O(−n − 2)) is thus Q −1 1 · · · Q −1 n+1 , and the perfect pairing is given by the same formula as in the proof of Theorem 5.1 of [4] . 5 . Fourier transforms and highest weight modules 5.1. Fourier transforms, weighted projective spaces and resolution of singularities. We refer to Section 3 of [2] for notations and for the main Theorem. From Section 4, the fan of the weighted projective space Y is not regular: hence, Theorem 3.2 of [2] requires more care, as observed in Remark 3.3 of [2] . Namely, we have to determine the Cartier divisors onX, whose image w.r.t. φ I (φ I as in Lemma 3.1) are Cartier divisors in Y . As seen before, the Picard group ofX is generated over Z by the divisor D 0 , and the image w.r.t. φ I of a general Cartier divisor ℓD 0 , for an integer ℓ, is readily computed , for an even integer ℓ, with the structure of A-modules. We now proceed to analyze the respective module structures with the tools of Section 3.
5.2.1.
The module structure on the cohomology ofX. The 0-th cohomology group H 0 (X, O(ℓD 0 )) is always non-trivial and infinite-dimensional; recall that it is spanned by monomials Q µ , for multiindices µ satisfying n i=1 µ i − 2µ n+1 = ℓ. The n − 1-th cohomology group H n−1 (X, O(ℓD 0 )) is non-trivial exactly for ℓ ≤ −n: it is spanned (modulo coboundaries) by monomials Q µ , where µ i < 0, i = 1, . . . , n, µ n+1 ≥ 0, and n i=1 µ i − 2µ n+1 = ℓ. Theorem 5.3. For any positive integer ℓ, there is an isomorphism
in the category O A ; the module H 0 (X, O(ℓD 0 )) is irreducible and is generated by the highest weight vector of the subspace of weight 0 w.r.t. z.
Proof. By results of Subsection 3.2, we need to show that M = H 0 (X, O(ℓD 0 )) is in the category O A . The generator of z corresponds to −Q n+1 P n+1 : it is obvious that the decomposition from Theorem 2.1 corresponds to the weight decomposition
The weight subspaces M λ are finite-dimensional; the sequence of weights coincides with the non-positive integers. Observe that the highest weight w.r.t. z belongs to N. Every weight subspace M λ is a finite-dimensional irreducible sl n -module, with highest weight vector Q ℓ−2λ n Q −λ n+1 and corresponding highest weight (ℓ − 2λ)̟ n−1 , whence M λ = L((ℓ − 2λ)̟ n−1 ). To show irreducibility, it remains to prove that the only primitive subspace of M is M 0 : to this purpose, we need to compute the action of r + z on M , which is spanned by the differential operators P i P j P n+1 , i, j = 1, . . . , n. It suffices to show that there are no primitive subspaces except M 0 w.r.t. the action of P 2 n P n+1 : this is achieved by an easy computation. In particular, we can show that the primitive monomial Q ℓ n generates the whole module M : a general element Q µ of H 0 (X, O(ℓD 0 )) is associated to a multiindex µ such that n i=1 µ i − 2µ n+1 = ℓ. The differential operator D = Q µ P ℓ n /ℓ! belongs to D O(ℓD0) (X) by construction, and it is easy to verify that Q µ is obtained from Q ℓ n by applying D.
We consider now a non-positive integer ℓ.
Theorem 5.4. For any non-positive integer ℓ, there is an isomorphism
Proof. First of all, H 0 (X, O(ℓD 0 )) is an A-module. The weight decomposition of M = H 0 (X, O(ℓD 0 )) corresponds, by the same arguments in the proof of Theorem 5.3, to the decomposition of Theorem 2.1:
The factors in both direct sums are well-known to be irreducible, finite-dimensional highest-weight modules for sl n , which can be identified with L((ℓ − 2λ)̟ n−1 ). The infinite sequence of weights w.r.t. z is entirely contained in the set of negative integers: hence, the requirements of Theorem 3.4 are satisfied, and M is a g-module.
Using (2), the only primitive vectors of H 0 (X, O(ℓD 0 )) are i) Q − ℓ 2 n+1 , if ℓ is even, and ii) Q n Q − ℓ−1 2 n+1 , if ℓ is odd. Moreover, both primitive vectors are weight vectors, with respective weights − 1 2 ̟ n and ̟ n−1 − 3 2 ̟ n . It remains to show that they generate the respective cohomology groups as g-modules: in fact, to any monomial Q µ in H 0 (X, O(ℓD 0 )), where µ is a multiindex satisfying n i=1 µ i − 2µ n+1 = ℓ, we can associate the differential monomials Q µ P − ℓ 2 n+1 /(− ℓ 2 )!, ℓ even, and
It is easy to verify that both differential monomials are elements of D O(ℓD0) (X) in the respective cases. Hence, the 0-th cohomology is irreducible, being a highest weight vector with exactly one primitive vector in both cases ℓ even and odd, whence the claim.
Remark 5.5. Observe that, for ℓ even, there is an isomorphism of g-modules between the module O(X) of regular functions on the minimal nilpotent orbitX of g and the module H 0 (X, O(ℓD 0 )), induced by mapping the highest weight vector 1 of O(X) to the highest weight vector Q ℓ 2 n+1 of H 0 (X, O(ℓD 0 )); O(X) was proved to be an irreducible highest weight g-module by other methods in [5] . On the other hand, the highest weight of H 0 (X, O(ℓD 0 )), for ℓ odd, belongs to the same Weyl orbit of the highest weight of H 0 (X, O(ℓD 0 )), for ℓ even, as can be verified by an easy computation.
As for the n − 1-th cohomology H n−1 (X, O(ℓD 0 )), we need only consider the case ℓ ≤ −n (otherwise it is trivial).
Theorem 5.6. For any integer ℓ ≤ −n, there is an isomorphism
in the category O A ; the module H n−1 (X, O(ℓD 0 )) is irreducible and is of highest weight.
Proof. We first show that H n−1 (X, O(ℓD 0 )) belongs to the category O A : this is a consequence of Theorem 2.1, namely M = H n−1 (X, O(ℓD 0 )) = ⌈ ℓ+n 2 ⌉≤λ≤0
M λ , M λ = H n−1 (P n−1 , O(ℓ − 2λ)).
Every weight subspace M λ is an irreducible highest weight sl n -module with highest weight vector Q ℓ+n−2λ−1 1 Q −1 2 · · · Q −1 n Q −λ n+1 and corresponding highest weight −(ℓ + n − 2λ)̟ 1 , whence the identification M λ = L(−(ℓ + n − 2λ)̟ 1 ); observe that the highest weight vector is a multiple of e −λ −β (Q ℓ+n−1 1 Q −1 2 · · · Q −1 n ), β being the highest root of g. Finally, M is generated by the highest weight vector of M 0 as an A-module: in fact, any element of H n−1 (X, O(ℓD 0 )) has the form Q µ , where µ i < 0, i = 1, . . . , n, µ n+1 ≥ 0, and n i=1 µ i − 2µ n+1 = ℓ. To such a monomial, we associate the differential operator
i=0 (ℓ + n − 1 − i) n j=2 (−(µ j + 1))! Q −ℓ−n 1 Q µn+1 n+1 P −µ1−1 1 · · · P −(µn+1) n , which is readily checked to belong to D O(ℓD0) (X); it is also easy to verify that Q µ = D µ (Q ℓ+n−1 1 Q −1 2 · · · Q −1 n ). 5.2.2. The module structure on the cohomology of Y . For any even integer ℓ, we consider the cohomology on the weighted n-dimensional projective space Y with values in the Serre bundle O(ℓ), see 
Similarly to what was done in Subsubsection 5.2.1, we can identify the cohomology of X with values in O(ℓ), for any even integer ℓ, with certain irreducible, highest weight A-modules in the category O A .
the only primitive subspace of M corresponds, by direct computations, to M 0 , whence M is irreducible. Finally, the highest weight vector of M 0 generates M as an A-module by slight modifications of the arguments in the proof of Theorem 5.6.
